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a b s t r a c t
In this paper, we introduce new weighted modulus of smoothness ω2
ϕβ
(f ; t)w,λ and prove
the generalization of Stechkin–Marchaud-type inequalities of weighted approximation for
Baskakov–Durrmeyer operators, from which the inverse results of Baskakov–Durrmeyer
operators with ω2
ϕβ
(f ; t)w,λ are obtained.
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1. Introduction and main results
Let f be a function defined on the interval [0,∞). The Baskakov operator Vn(f ; x) is defined as follows
Vn(f ; x) =
∞
k=0
vn,k(x)f

k
n

, f ∈ Lp[0,∞), (1.1)
where
vn,k(x) =

n+ k− 1
k

xk(1+ x)−n−k.
In 1985, Sahai and Prasad [1] first introduced the Baskakov–Durrmeyer operator Dn(f ; x) defined as follows
Dn(f ; x) =
∞
k=0
vn,k(x)(n− 1)
 ∞
0
vn,k(t)f (t)dt, f ∈ Lp[0,∞), (1.2)
and studied the problem of simultaneous approximation Dn(f ; x). In 1991, Sinha et al. [2] corrected the results of Sahai
and Prasad and termed the operators as modified Baskakov operators. Heilmann [3] gave the direct and converse results of
approximation for Dn(f ; x). Xuan [4] used the new weighted norm and K -functional and obtained the characterization of
weighted approximation for Dn(f ; x).
In 1986, Wickeren [5] obtained the Stechkin–Marchaud inequalities for Bernstein polynomials. After that, Ditzian and
Ivanov [6] gave the strong converse inequality. Totik [7], usingωϕ(f ; t), extended the Ditzian–Ivanov result to a large family
of operators. Recently, the Stechkin–Marchaud-type for Baskakov–Durrmeyer operatorDn(f ; x)was given in [8]. However, it
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can be found that the previous consequences were proved with the help of modulus of smoothness ω2ϕ(f ; t) or ω2ϕ2(f ; t).
Naturally, these would motivate us to deal with the Stechkin–Marchaud-type inequalities based on the broadly sensed
weighted modulus of smoothness.
In this paper, we introduce new weighted modulus of smoothness ω2
ϕβ
(f ; t)w,λ and K -functional Kϕβ (f ; t)w,λ, estab-
lishing the relation between K -functional and modulus of smoothness, and give the broadly sensed Stechkin–Marchaud-
type inequality of weighted approximation for Baskakov–Durrmeyer operators. Moreover, the inverse results of
Baskakov–Durrmeyer operators withω2
ϕβ
(f ; t)w,λ are obtained. It is easy to see that our results aremore extensive. It unifies
the results of ω2ϕ(f ; t) and ω2ϕ2(f ; t).
First, we introduce some useful definitions and notations.
Definition 1.1. Let Lp[0,∞) be the classical Lebesgue integral space of the interval [0,∞) real-valued function with the
usual norm ∥ · ∥p, 1 ≤ p ≤ ∞, and let
La,b,λ =

f | f ∈ Lp[0,∞), ϕ2(2−λ)wf ∈ Lp[0,∞)

,
L0a,b,λ =

f | f ∈ La,b,λ, f (0) = 0

,
where ϕ2(x) = x(1+ x), w(x) = xa(1+ x)b,− 1p < a < 1− 1p , b ∈ R, 1 ≤ p ≤ ∞, 0 ≤ λ ≤ 1, β = 2(1− λ).
Moreover, the weighted norm is given by ∥f ∥p,w = ∥wf ∥p and the weighted modulus of smoothness by
ω2
ϕβ
(f ; t)w,λ = sup
0≤h<t
∥ϕ2(1−λ)∆2hϕλ f ∥p,w,
where∆2hϕλ f (x) = f (x+ 2hϕλ(x))− 2f (x+ hϕλ(x))+ f (x), x ≥ hϕλ(x).
The K -functional by
Kϕβ (f ; t)w,λ = infg∈G
∥ϕ2(1−λ)(f − g)∥p,w + t∥ϕ2(2−λ)g ′′∥p,w ,
where G = g | g ∈ L0a,b,λ, g ′ ∈ A.C .loc, ∥ϕ2(2−λ)g ′′∥p,w <∞.
We are now in a position to state our main results.
Theorem 1. Let f ∈ L0a,b,λ. Then
Kϕβ (f ; n−1)w,λ ≤ Mn−1
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w. (1.3)
Theorem 2. Let f ∈ L0a,b,λ. Then
ω2
ϕβ
(f ; n−1/2ϕ(1−λ))w,λ ≤ Mn−1
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w. (1.4)
Theorem 3. Let f ∈ L0a,b,λ, 0 < α < 2. Then
(1) ∥ϕ2(1−λ)(Dn(f )− f )∥p,w = O(n−α/2)⇒ ω2ϕβ (f ; t)w,λ = O(tϕλ−1(x))α, (1.5)
(2) ∥ϕ2(1−λ)(Dn(f )− f )∥p,w = O

(n−1/2ϕ1−λ(x))α

⇒ ω2
ϕβ
(f ; t)w,λ = O(tα). (1.6)
Throughout this paper, M denotes a positive constant independent of x, y, n and f which may be different at different
places.
2. Auxiliary lemmas
To prove the theorems, we need also the following lemmas. By simple computation, we have
D′′n(f ; x) = n2ϕ−4(x)
∞
k=0
vn,k(x)

k
n
− x
2
an(k)− nϕ−2(x)Dn(f ; x)
+ nϕ−4(x)d(ϕ
2(x))
dx
∞
k=0
vn,k(x)

k
n
− x

an(k), (2.1)
where an(k) = (n− 1)
∞
0 vn,k(t)f (t)dt .
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Lemma 2.1. If c ≥ 0, d ∈ R. Then ∞
0
vn,k(t)t−c(1+ t)−ddt ≤ Mn−1

k+ 1
n
−c 
1+ k
n
−d
. (2.2)
Proof. We notice [9, p. 164] ∞
0
vn,k(t)tηdt ≤ Mn−1

k+ 1
n
η
, for η > −1, ∞
0
vn,k(t)(1+ t)mdt ≤ Mn−1

1+ k
n
m
, form ∈ Z.
For c > 0, d ≠ 0, there exists−1 < η < 0,m ∈ Z, such that 0 < −c
η
< 1, 0 < −dm(1+c/η) < 1, by the Hölder inequality and∞
0 vn,k(t)dt = 1n−1 < 2n , we have ∞
0
vn,k(t)t−c(1+ t)−ddt ≤
 ∞
0
vn,k(t)tηdt
c/η  ∞
0
vn,k(t)(1+ t)−d/(1+c/η)dt
1+c/η
≤ M
 ∞
0
vn,k(t)tηdt
c/η  ∞
0
vn,k(t)(1+ t)mdt
−d/m
· n−1−c/η−d/m
≤ Mn−1

k+ 1
n
−c 
1+ k
n
−d
. (2.3)
For c = 0, d = 0, the result of (2.2) is obvious. For c > 0, d = 0 or c = 0, d ≠ 0, the proof is similar to that of (2.3). The
proof is completed. 
Lemma 2.2. Let c ≥ 0, d ∈ R. Then
∞
k=1
vn,k(x)

k
n
−c 
1+ k
n
−d
≤ Mx−c(1+ x)−d, for x > 0. (2.4)
Proof. We notice [9, p. 163]
∞
k=0
vn,k(x)

n
k+ 1
l
≤ Mx−l, for l ∈ N,
∞
k=0
vn,k(x)

1+ k
n
m
≤ M(1+ x)m, form ∈ Z.
For c = 0, d = 0, the result of (2.4) is obvious. For c > 0, d ≠ 0, there exists m ∈ Z, such that 0 < − 2dm < 1, using the
Hölder inequality, we have
∞
k=1
vn,k(x)

k
n
−c 
1+ k
n
−d
≤
 ∞
k=1
vn,k(x)

k
n
−2c 12 ∞
k=1
vn,k(x)

1+ k
n
−2d 12
≤
 ∞
k=1
vn,k(x)
n
k
[2c]+1 c[2c]+1 ∞
k=1
vn,k(x)

1+ k
n
m− dm
≤ M

x−([2c]+1)
 c[2c]+1
1+ x
m− dm
≤ Mx−c(1+ x)−d. (2.5)
For c > 0, d = 0 or c = 0, d ≠ 0, the proof is similar to that of (2.5). Thus, this proof is completed. 
Lemma 2.3. If f ∈ L0a,b,λ, n ∈ N. Then
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ Mn∥ϕ2(1−λ)f ∥p,w. (2.6)
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Proof. By (2.1), we have
|ϕ2(2−λ)w(x)D′′n(f ; x)| ≤ ϕ−2λ(x)w(x)

n2
∞
k=0
vn,k(x)

k
n
− x
2
an(k)+ nϕ2(x)Dn(f ; x)
+ nd(ϕ
2(x))
dx
∞
k=0
vn,k(x)
 kn − x
 an(k)

, ϕ−2λ(x)w(x)

I1(n, k)+ I2(n, k)+ I3(n, k)

. (2.7)
For x ∈ En = (1/n,∞). (1) If p = ∞, then 0 ≤ a < 1. Note that for x ∈ En = (1/n,∞), one has the inequality [9, p. 128]
n2mVn((t − x)2m; x) ≤ Mnm(ϕ(x))2m, m ∈ N.
By Lemmas 2.1 and 2.2 and the Hölder inequality, we have
I1(n, k) = n2
∞
k=1
vn,k(x)

k
n
− x
2
(n− 1)
 ∞
0
vn,k(t)f (t)dt
≤ n2∥ϕ2(1−λ)f ∥∞,w
∞
k=0
vn,k(x)

k
n
− x
2
(n− 1)
 ∞
0
vn,k(t)w−1(t)ϕ−2(1−λ)(t)dt
≤ Mn2∥ϕ2(1−λ)f ∥∞,w
∞
k=0
vn,k(x)

k
n
− x
2
k+ 1
n
−a−1+λ
1+ k
n
−b−1+λ
≤ Mn2∥ϕ2(1−λ)f ∥∞,w
 ∞
k=0
vn,k(x)

k
n
− x
41/2
×
 ∞
k=0
vn,k(x)

k+ 1
n
−2(a+1−λ)
1+ k
n
−2(b+1−λ)1/2
≤ Mn2∥ϕ2(1−λ)f ∥∞,w

n−1ϕ2(x)

ϕ−2(1−λ)(x)w−1(x)
= Mn∥ϕ2(1−λ)f ∥∞,wϕ2λ(x)w−1(x). (2.8)
(2) If p = 1, then−1 < a < 0.
∥ϕ−2λI1∥1(En),w =

En
ϕ−2λ(x)w(x)
n2
∞
k=0
vn,k(x)

k
n
− x
2
(n− 1)
 ∞
0
vn,k(t)f (t)dt
 dx
≤ Mn
 ∞
0
∞
k=0
vn,k(t)w−1(t)ϕ−2(1−λ)(t)

En
n2vn,k(x)

k
n
− x
2
ϕ−2λ(x)w(x)dx
× |w(t)ϕ2(1−λ)(t)f (t)|dt ≤ Mn∥ϕ2(1−λ)f ∥1,w. (2.9)
Combining (2.8), (2.9) and Riesz–Thorin theorem, for x ∈ En and 1 ≤ p ≤ ∞, we have
∥ϕ−2λI1∥p,w ≤ Mn∥ϕ2(1−λ)f ∥p,w. (2.10)
For x ∈ En and 1 ≤ p ≤ ∞, the proof is similar to that of (2.10), we have
∥ϕ−2λI2∥p,w ≤ Mn∥ϕ2(1−λ)f ∥p,w. (2.11)
∥ϕ−2λI3∥p,w ≤ Mn∥ϕ2(1−λ)f ∥p,w. (2.12)
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Thus, in view of (2.7), (2.10)–(2.12), we have, for x ∈ En and 1 ≤ p ≤ ∞
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ Mn∥ϕ2(1−λ)f ∥p,w. (2.13)
For x ∈ Ecn = (0, 1n ], one has ϕ2(x) < 2n .
(1) If p = ∞, then 0 ≤ a < 1. By (2.1), Lemmas 2.1 and 2.2, we have
|ϕ2(2−λ)(x)w(x)D′′n(f ; x)|
≤ Mn∥ϕ2(1−λ)f ∥∞,wϕ2(1−λ)(x)w(x)
2
i=0
 ∞
k=0
vn,k(x)

k+ i+ 1
n
−a−1+λ 
1+ k+ i
n
−b−1+λ
≤ Mn∥ϕ2(1−λ)f ∥∞,w. (2.14)
(2) If p = 1, then−1 < a < 0. By (2.1), using the similar method of (2.9), we have
∥ϕ2(2−λ)D′′n(f )∥1,w ≤ Mn∥ϕ2(1−λ)f ∥1,w. (2.15)
By (2.14) and (2.15), and the Riesz–Thorin theorem, for x ∈ Ecn and 1 ≤ p ≤ ∞, we get
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ Mn∥ϕ2(1−λ)f ∥p,w. (2.16)
Combining (2.13) and (2.16), we obtain (2.6). Thus, Lemma 2.3 is proved. 
Lemma 2.4. Let f ∈ G, 1 ≤ p ≤ ∞. Then
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ M∥ϕ2(2−λ)f ′′∥p,w. (2.17)
Proof. By [3, p. 109]
w(x)ϕ2(2−λ)(x)D′′n(f ; x) = (n− 1)
∞
k=0
α(n, k)vn,k+1(x)w(x)
 ∞
0
vn,k+1(t)ϕ2(1−λ)(t)f ′′(t)dt,
where
α(n, k) = [(k+ 1)!]
2
k!(k+ 2)!

1+ 2
n+ k

1+ 2
n+ k+ 1

≤ 9,
and Lemmas 2.1 and 2.2, for p = ∞, so 0 ≤ a < 1, we have
|ϕ2(2−λ)(x)w(x)D′′n(f ; x)| ≤ 2∥ϕ2(2−λ)f ′′∥∞,ww(x)
∞
k=0
vn,k+1(x)w(x)(n− 1)
 ∞
0
vn,k+1(t)w−1(t)dt
≤ M∥ϕ2(2−λ)f ′′∥∞,w. (2.18)
For p = 1, so−1 < a < 0, thus
∥ϕ2(2−λ)D′′n(f )∥1,w =
 ∞
0
|w(x)ϕ2(2−λ)(x)D′′n(f )|dx
≤ M(n− 1)
 ∞
0
∞
k=0
vn,k+1(x)w(x)

k+ 2
n
−a 
1+ k+ 1
n
−b
×
 ∞
0
vn,k+1(t)w−1(t)

k+ 2
n
a 
1+ k+ 1
n
b
|w(t)ϕ2(2−λ)(t)f ′′(t)|dtdx
≤ M(n− 1)
∞
k=0
 ∞
0
vn,k+1(x)w(x)

k+ 2
n
−a 
1+ k+ 1
n
−b
dx
×
 ∞
0
vn,k+1(t)w−1(t)

k+ 2
n
a 
1+ k+ 1
n
b
|w(t)ϕ2(2−λ)(t)f ′′(t)|dt
≤ M
 ∞
0
∞
k=0
vn,k+1(t)w−1(t)

k+ 2
n
a 
1+ k+ 1
n
b
|w(t)ϕ2(2−λ)(t)f ′′(t)|dt
≤ M∥ϕ2(2−λ)f ′′∥1,w. (2.19)
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Combining (2.18), (2.19) and the Riesz–Thorin theorem, we get
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ M∥ϕ2(2−λ)f ′′∥p,w.
The proof is completed. 
Lemma 2.5. If h > 0, and either of
(i) 0 < hϕλ(x) < 1, (ii) x ≥ hϕλ(x)
is satisfied, then we have hϕλ(x)
0
 hϕλ(x)
0
ϕ−2(2−λ)(x+ u+ v)w−1(x+ u+ v)dudv ≤ Mh2ϕ−4(1−λ)(x)w−1(x). (2.20)
Proof. (1) For λ− 2+ b ≤ 0, we have hϕλ(x)
0
 hϕλ(x)
0
ϕ−2(2−λ)(x+ u+ v)w−1(x+ u+ v)dudv
=
 hϕλ(x)
0
 hϕλ(x)
0
(x+ u+ v)λ−2−a(1+ x+ u+ v)λ−2+bdudv
=
 hϕλ
0
 hϕλ(x)
0
xλ−2−a(1+ x)λ−2+bdudv ≤ Mh2ϕ−4(1−λ)(x)w−1(x).
(2) For λ− 2+ b > 0, due to either x ≥ hϕλ(x) or 0 < hϕλ(x) < 1, thus hϕλ(x)
0
 hϕλ(x)
0
ϕ−2(2−λ)(x+ u+ v)w−1(x+ u+ v)dudv
≤
 hϕλ(x)
0
 hϕλ(x)
0
xλ−2−a(1+ x+ 2hϕλ(x))λ−2+bdudv
≤ 3λ−2+bh2ϕ2λ(x)xλ−2−a(1+ x)λ−2+b· ≤ Mh2ϕ−4(1−λ)(x)w−1(x).
The proof is completed. 
Lemma 2.6 ([5]). Suppose that for nonnegative sequences {µn}, {ψn}, with µ1 = 0, the inequality (r > 0)
µn ≤

k
n
r
µk + ψk (2.21)
holds for n ∈ N, then
µn ≤ M(r)n−r
n
k=1
kr−1ψk. (2.22)
Lemma 2.7. For f ∈ L0a,b,λ, we have
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ M
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w. (2.23)
Proof. Let (n ∈ N, 1 ≤ m ≤ n)
µm = m−1∥ϕ2(2−λ)D′′m(f )∥p,w, ψm = ∥ϕ2(2−λ)D′′m(f )∥p,w.
Then
n−1∥ϕ2(2−λ)D′′n(f )∥p,w ≤ n−1∥ϕ2(2−λ)D′′n(Dk(f ))∥p,w + n−1∥ϕ2(2−λ)D′′n(Dk(f )− f )∥p,w
≤ M2n−1∥ϕ2(2−λ)D′′k (f )∥p,w +M1∥ϕ2(1−λ)(Dk(f )− f )∥p,w
≤ M2

k
n

µk +M1ψk. (2.24)
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By Lemma 2.6, we have
n−1∥ϕ2(2−λ)D′′n(f )∥p,w ≤ n−1M∥ϕ2(1−λ)(Dk(f )− f )∥p,w,
whereM = max{M1,M2}, i.e.,
∥ϕ2(2−λ)D′′n(f )∥p,w ≤ M
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w.
The proof is completed. 
3. Proofs of theorems
Proof of Theorem 1. For n ≥ 2, there existsm ∈ N, such that n/2 ≤ m ≤ n, and
∥ϕ2(1−λ)(Dm(f )− f )∥p,w = minn
2≤k≤n
∥ϕ2(1−λ)(Dk(f )− f )∥p,w,
∥ϕ2(1−λ)(Dm(f )− f )∥p,w ≤ 2n−1

n
2≤k≤n
∥ϕ2(1−λ)(Dk(f )− f )∥p,w.
Therefore, using the definition of Kϕβ (f ; t)w,λ, and Lemma 2.7, we have
Kϕβ (f ; n−1)w,λ ≤ ∥ϕ2(1−λ)(Dm(f )− f )∥p,w + n−1∥ϕ2(2−λ)D′′m(f )∥p,w
≤ 2n−1

n
2≤k≤n
∥ϕ2(1−λ)(Dk(f )− f )∥p,w +Mn−1
m
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w
≤ Mn−1
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w.
The proof is completed. 
Proof of Theorem 2. According to the definition of Kϕβ (f ; n−1)w,λ, there exists g ∈ G, such that
∥ϕ2(1−λ)(f − g)∥p,w + n−1∥ϕ2(2−λ)g ′′∥p,w ≤ 2Kϕβ (f ; n−1)w,λ. (3.1)
On the other hand,
∥ϕ2(1−λ)∆2hϕλ f ∥p,w ≤ ∥ϕ2(1−λ)∆2hϕλ(f − g)∥p,w + ∥ϕ2(1−λ)∆2hϕλg∥p,w. (3.2)
For the first term of (3.2), since x ≥ hϕλ(x), we have
|ϕ2(1−λ)(x)w(x)∆2hϕλ(f − g)(x)|
≤ ϕ2(1−λ)(x)w(x)∥ϕ2(1−λ)(f − g)∥∞,w

ϕ−2(1−λ)(x+ 2hϕλ(x))w−1(x+ 2hϕλ(x))
+ 2ϕ−2(1−λ)(x+ hϕλ(x))w−1(x+ hϕλ(x))+ ϕ−2(1−λ)(x)w−1(x)

≤ max 3λ+b−1, 1+ 2max 2λ+b−1, 1+ 1 ∥ϕ2(1−λ)(f − g)∥∞,w
≤ M∥ϕ2(1−λ)(f − g)∥∞,w,
which implies
∥ϕ2(1−λ)∆2hϕλ(f − g)∥∞,w ≤ M∥ϕ2(1−λ)(f − g)∥∞,w. (3.3)
Note the inequality ∞
0
|F(x+ rhϕλ(x))|dx ≤ M
 ∞
0
|F(x)|dx, r ∈ N,
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then we have
∥ϕ2(1−λ)∆2hϕλ(f − g)∥1,w =
 ∞
0
|ϕ2(1−λ)(x)w(x)∆2hϕλ(f − g)(x)|dx
≤ M

max

1, 2λ+b−1, 2λ−a−1, 22(λ−1)+b−a

+ 2+max 1, 21−λ−b, 21−λ+a, 22(1−λ)+a−b∥ϕ2(1−λ)(f − g)∥1,w
≤ M∥ϕ2(1−λ)(f − g)∥1,w. (3.4)
By (3.3), (3.4) and the Riesz–Thorin theorem, we get
∥ϕ2(1−λ)∆2hϕλ(f − g)∥p,w ≤ M∥ϕ2(1−λ)(f − g)∥p,w. (3.5)
For the second term of (3.2), if h ≤ n− 12 ϕ1−λ(x), then by Lemma 2.5, we have
|ϕ2(1−λ)(x)w(x)∆2hϕλg(x)| =
ϕ2(1−λ)(x)w(x)
 hϕλ(x)
0
 hϕλ(x)
0
g ′′(x+ u+ v)dudv

≤ M∥ϕ2(2−λ)g ′′∥∞,w
ϕ2(1−λ)(x)w(x)
 hϕλ(x)
0
 hϕλ(x)
0
ϕ−2(2−λ)(x+ u+ v)w−1(x+ u+ v)dudv

≤ Mh2ϕ−2(1−λ)(x)∥ϕ2(2−λ)g ′′∥∞,w ≤ Mn−1∥ϕ2(1−λ)g ′′∥∞,w,
which implies
∥ϕ2(1−λ)∆2hϕλg∥∞,w ≤ Mn−1∥ϕ2(2−λ)g ′′∥∞,w. (3.6)
Similarly, as (3.4), we have
∥ϕ2(1−λ)∆2hϕλg(x)∥1,w =
 ∞
0
|ϕ2(1−λ)(x)w(x)∆2hϕλg(x)|dx
= 1
4
 ∞
0
h2ϕ−2(1−λ)(x)|ϕ2(2−λ)(x)w(x)g ′′(x+ ξ)|dx
≤ Mn−1
 ∞
0
|ϕ2(2−λ)(x+ ξ)w(x+ ξ)g ′′(x+ ξ)|dx
≤ Mn−1∥ϕ2(2−λ)g ′′∥1,w. (3.7)
By (3.6), (3.7) and the Riesz–Thorin theorem, we get
∥ϕ2(1−λ)∆2hϕλg∥p,w ≤ Mn−1∥ϕ2(2−λ)g ′′∥p,w. (3.8)
Let h ≤ n− 12 ϕ1−λ(x).
(i) If 0 < x < 1, then 0 < hϕλ(x) < 1 (n ≥ 2). (ii) If x ≥ 1, then x ≥ hϕλ(x) (n ≥ 2). Thus, by (3.2), (3.5) and (3.8), we
have
∥ϕ2(1−λ)∆2hϕλ f ∥p,w ≤ M
∥ϕ2(1−λ)(f − g)∥p,w + n−1∥ϕ2(2−λ)g ′′∥p,w .
By the definition of ω2
ϕβ
(f ; t)w,λ and (3.1), we get
ω2
ϕβ

f ; n− 12 ϕ1−λ(x)

w,λ
≤ M ∥ϕ2(1−λ)(f − g)∥p,w + n−1∥ϕ2(2−λ)g ′′∥p,w
≤ MKϕβ (f ; n−1)w,λ. (3.9)
Therefore, by Theorem 1, we have
ω2
ϕβ

f ; n− 12 ϕ1−λ(x)

w,λ
≤ Mn−1
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w.
This completes the proof of Theorem 2. 
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Proof of Theorem 3. By Theorem 2, we have
ω2
ϕβ

f ; n− 12 ϕ1−λ(x)

w,λ
≤ Mn−1
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w
≤ Mn−1
n
k=1
k−α/2 ≤ Mn−α/2.
Let (n+ 1)− 12 ϕ1−λ(x) < t ≤ n− 12 ϕ1−λ(x); then we get
ω2
ϕβ
(f ; t)w,λ ≤ Mω2ϕβ

f ; n− 12 ϕ1−λ(x)

w,λ
≤ Mn−α/2 ≤ M(tϕλ−1(x))α.
Finally, we want to prove (1.6). Let (n+ 1)−1/2ϕ1−λ(x) < t ≤ n−1/2ϕ1−λ(x). Then
ϕα(λ−1)(x)ω2
ϕβ
(f ; t)w,λ ≤ Mϕα(λ−1)(x)ω2ϕβ

f ; n−1/2ϕ1−λ(x)

w,λ
≤ Mϕα(λ−1)(x)n−1
n
k=1
∥ϕ2(1−λ)(Dk(f )− f )∥p,w
≤ Mϕα(λ−1)(x)n−1
n
k=1
(k−1/2ϕ1−λ(x))α ≤ Mn−1
n
k=1
k−α/2 ≤ Mn−α/2. (3.10)
Therefore
ω2
ϕβ
(f ; t)w,λ ≤ M

n−1/2ϕ1−λ(x)
α
≤ Mtα.
This completes the proof of Theorem 3. 
Remark 1. For the other summation-integral type operators of [10], the method and the results are similar.
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